P-Elements Linear Versus Nonlinear
Stress 2014-T6.xmcd

Nonlinear analytical solution based on linear maximum stress at a hole for 2014-T6
Aluminum Alloy

ORIGIN=1
References
1. MMPDS-03, 1 October of 2006
2. ESDU 76016
Geometry of the hole: P =(-0.4375 -0.1660 —0.0880 —0.0100 0.4375)T[[h
—_—
i P&
) W2
|T Far field traction
W " * e 04 = 36.428Kji
P4 . -
~ Eccentricity, 6 T
P3
M a=PR2
| S | * —_—
b= F1
- L/2 -

Maximum Edge Distance: e=s P5 - P3 =0.525in

Minimum Edge Distance: c= P3 - Pl =0.349in

Plate Width.:  W:= e+ ¢=0.875in

Hole Diameter: D= P4 - P2 =0.156in

Hole Radius:

D
r=—
2

=0.078in

Nominal-Stress Path, from a to b: a:

r=0.078in

(on
i

c=0.349in

. . . e
Dimensionless Hole location: ) := —
c

=1.504

Dimensionless Edge short-edge Distance: X: 2%: =0.2232

Hole-Location Eccentricity: 4 := -1 W = 0.088in
2[ + 1)
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Stress-strain Curve for 2014-T6 Aluminum Extrusions for t = 0.50010n

Fundamental Properties at room temperature per Reference 1, page 3-50

Modulus of Elasticity: E= 10.81&&5

Ultimate Tensile Stress: Ftu = 64 ksl

Yield Tensile Stress: Fty = 58ks|i

Ultimate Elongation: e, = 7%

Poisson's Ratio: p:= 0.33 Only required for FEM solution

n = f(T): n=26 Reference 1, page 3-69

The following parameters are calculated in Appendix B

MMPDS Proportional Limit: Sp| =53.08Kkgi epL = 0.512

SpL

= —91.57%
S0.2

StressCheck Required: |S70E = 58.327 kg €70 = 0.772Pp

Notice that the ultimate strain, g, is measured after the test specimen has failed and there

is no load. Therefore, the actual ultimate strain at the ultimate load, Ftu = 64ksj is:

Eu =7.59%

Julio C. Banks, P.E. page 2 of 23



P-Elements Linear Versus Nonlinear
Stress 2014-T6.xmcd
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Figure 3.2.2.1.6(p). Typical tensile and compressive stress=strain and compressive

tangent-modulus curves for 2014-T6 aluminum alloy extrusion at room
temperature.

Figure 1: MMPDS-03 Stress Strain for Aluminum Alloy Extrusion 2014-T6
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Perform a FEM study using the P-element formulation used in Stress Check for
¢ =1.504 and the Hole-Location Eccentricity § = 0.088in

NONE

ALUMINUM  lsotropic
STEEL Jzotopc JHOME

1.0800e+007
3.3000e-001
5 8327004
2 BON0e+007
0.0000e+000

Figure 2: Material parameters StressCheck requires to generate the Ramberg-Osgood
Stress-strain data set
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Stresgfheck W.5.1
LINEAR ID=50L
Run=g , DOF=G73

Frne.=3eg

Maw= 1, 16084005

Min= 1.133e+003
1.160e+005
1.045e+005
9. 29824004
8.151e+004
T 003e+004
5.855e+004
4. 706e4+004
3.55Be4004
2. 410e+004
1.262e+0004
1.133e+003

f Hoi . 1 5600a-00
Hi-:illei_&ma'rﬁ'i!:il:.r Eaclﬂ'-lfi}é ' Hl@i]!fliia%ﬂ[ii
Fiste thickness (h>) 40000e-002
Fiate length (LAW) 2% ~1.7500e+000

Holeredus(ro>0) D) 78000e-00Z
SRS £hess | | SEhaid
 Plata width (W/2>acsra). 875000001 _ |

Figure 3: Linear stress solution using P-element StressCheck FEA Software
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o
fuxl

o
=o)
rH

ShressCheck Model Tnloiieabih

oo | s |

ol

Hole Diametar
Hole accentricity [»au:}'ﬂj'
Flata thickness (he0)
Flate lzngih (L)

| Hole radius irax)

| Flate widih (W/ErecHma)

|Expression Ve [ 2]
1 56002001 =
B.B000a-002 = >=0.
4.0000e-002 =300

b 1.7500e+000 =

D2 7.6000e-002 5

B.7500e-00] =

StrassCheck Wr.l.1l

HLMAT LO=HL_SOL
Run=E , DOF=679

Fnc.
Max= 5.
Min= 1.
A7 7e+004
AT Tes004
AT 4004
A7 5e4004
TP de 4004
LA7des00d
LS73e 4004
CAT2e4004
3724004
LF10e+003
. 703e+003

]

e T R R S R PR T

=5Eq
177 o004
FO3e4003

Figure 4: Nonlinear stress solution using P-element StressCheck FEA Software
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FEM from StressCheck

Linear Solution Nonlinear Solution

MaXimUm stress: O'Max = ma)(O'FEM(Y)) = 116|:k3| O'IMaX = ma)(O'IFEM(Y)) = 6166:'(S|

b
J SEgM(Y) dy
a

b
4[ opm(Y) dy

a

Short-edge stress: = 44.59kdi

Ultimate Stress:

ONom =

b-a

9Nom -~

=44.05Kkgi

b-a

|oy = 1.506 0, = 66.88 Kyl

|0’y = 1.508'\om = 66.08 kg

TMax 9Max
Gross SCF: th FEM'= =3.184 K'tg FEM= =1.693
9 9
: OMax 9Max
Nominal SCF: Ky, FEM= =2.602 K'tn FEM= — =1.400
- 9Nom B 9Nom
K K'

. tg_FEM tg_FEM
Nominal to gross  [Apppy = —=— = 1.2240 Npgy = —2=— = 1.2093
transformation factor: Ktn_FEM K tn_FEM

%Nom Nom
g g
9 9
F F
tu tu
MS,=—-1=-0.04 MS|,:= — -1=-0.03
oy oy
Closed-form Solution
X =0.2232 K'ig\ ) = 3.184 OMax_CF= K'igh )0 = 116.0Ksi
K g )
P =1.504 K'tn(N, ) = 2.481 CE= ———— =1.2830| or [A(\)=1276]

The maximum strain found in Figure 5 is to be multiplied by 1.5 to obtain the ultimate strain to
allow the calculation of the Margin of Safety based on strain rather than stress as follows

StressCheck FEM Maximum Nonlinear Strain:

StressCheck Margin of Safety based on Strain:

EMaX_SC:: 1.757P0

€

MS -1=1.66

c -

1.98Max_sc
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Von Mises Stress Vs Lateral Location in a Platédnktcentric Hole

12 ‘
r . . .
ﬂ; —— Linear VonMises Stress, ksi
—— Nolinear VonMises Stress, ks
110 |
104
9Q |
arem(Y) |
ksi |
o'reM(Y) l
ksi

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
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Determine a nonlinear Margin of Safety based upon the maximum strain at the hole due
to the negative Margin of Safety based on stress.

tressCheck W7.1.
MLMAT ID=ML_S0L
Run=8 , DOF=679
Fnc.=Eeq
Max= 1.757e-002
Min= 1.577e-004
A 57e-002
.5B3e-002
LA09e -002
L234e-002
L060e-002
.863e-003
122e-003
. d81e-003
L4 0e-003
L89%e-003
1.577e-004

[

T T R - T T W Ty S Gy Wy

SreessCierh Moded Tinformeatiom .'-'.;ﬂ

Modsllrio Perametes | Aues |

Mame Dlescription |Exprassion “alie =]
H Hole Dismeter 1 5E00e-001

ac Hole accentnicity (ec>0) G.8000e-002

h Flate thickness [h*0) 4.0000e-002

Flata l=ngth (L) 2 1.7500=+000

o Hole radius jro»0) Dz 7 RO00e-002

3 Femote slrass 3E428e-004

W Flata width (W/22ec+a) 8.7500e-001 -

< | o |
ecept| Deiste| I AuloStepf0z

nput | Setinge| Fie |

Figure 5: Nonlinear strain solution using P-element StressCheck FEA Software
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Ramberg-Osgood Equation for Aluminum 2014-T6

80.( ‘ ‘ 7
fpL E70E
70.4 Yo%
fffffffff AU 972 O O O O A A .
60.4 | ‘ — ksi
,,,,,,,,, /[ N A E N S S S -
£ S04 VA ksi
n 1 1
@ 404 /
& /i
30.( / : :
20.¢ //
10.9 f/ i i
0. L L
00 03 05 08 10 13 15 18 20 25 28 30 33 35
Strain, %
eee Ramberg-Osgood Equation
»»x Ramberg-Osgood Equation Generated by StressCheck
—-70% E Curve
MMPDS 03 StressCheck Relative Error
Sp|_ = 53.084ksi SpL:= ogdepy) = 50.755ksi %A(Spy, Spy) = —4.4%

S70E = 58.327Ksi S70E:= 9sd€70g) = 57-918Ksi

S, RO= 70.774Ksi S|, Ro*= 9sdey) = 66.49Tksi

%A(S70g S70g) = ~0.T%

%A(Sy ro Sy RQ = —6-1%

Note

gy = 7.593P4is the strain obtained from Ramberg-Osgood equation Corresponding to the loaded

test specimen. The actual ultimate strain provided in MMPDS (and similar reference books) is
which is a measured strain of the ruptured (unloaded) test specimen

Julio C. Banks, P.E.
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Apply the ESED (Equivalent Strain-Energy Density also known as Glinka) Method to obtain the

pseudo nonlinear solution using the linear FEM maximum stress at the short-edge of a hole in a

plate in a tensile stress-field.
Strain-energy constant: Ir= 1 (& [ (19
o "LTFEM
orem = EolfL (@)

Solve for the linear strain, e from (2) as

SFEM
EL = (3)
Eo
- 2
Substitute (3) into (1) to get r= Eﬂ (1b)
2 E
0

Determine the strain at which the Ramberg-Osgood equates the
strain-energy constant, I'(Equation 1b)

The linear FEM Maximum Stress Using P-elements (StressCheck) is opgp = 1160ksi

2
. . . 1 9FEM .
The strain-energy for the Given opgp\is  [I':= =F——— = 622.96 psi
2 E

Initial guess: ¢ := €0.2=0.73T%

Given
€
r'= J 9RO roof€) de
0
eg = Find(e)

The Pseudo Non-linear Strain is eG = 1.289 %

Julio C. Banks, P.E.
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Post-process

The Pseudo Non-linear Strainis  |“Glinka™= GRO_TOO{EG) - 65'466]k5t|

The P-element (StressCheck) Maximum Non-linear Strain is ep5 gc=1.7512%6

The ESED (Glinka) Maximum Pseudo Non-linear Strainis &g = 1.289%%

Relative Error of the ESED strain solution with respect to the P-element (FEM) solution is

%A(epax_soEG) = ~26.66%

e
StressCheck Margin of Safety based on Strain: MS, = 4 1=1.66
1.98Max_sc
ESED Margin of Safety based on Strain: €
MS,, = -1=262
1.508q

The P-element (StressCheck) Maximum Non-linear Stress is o"\;4, = 61.66XKsi

The ESED (Glinka) Maximum Pseudo Non-linear Stress is  o|inka = 65-466Ksi

Relative Error of the ESED stress solution with respect to the P-element (FEM) solution is

%A(0'Maxs OGlinka) = 6-17%

Conclusion

The ESED (Equivalent-strain Energy Density) also known as Glinka can be used to obtain an
estimate of the plastic strain and corresponding MS (Margin of Safety) when the linear solution
produces a negative MS indicating nonlinear material behavior due to high loads.

It should be noted that this approach will most likely occur for the ultimate load Margin
of Safety, MS,, rather than the limit load (yield) margin of safety, MSy

Julio C. Banks, P.E. page 12 of 23
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Appendix A: StressCheck P-element FEM Solution Data and Cubic Spline Procedure

Ramberg-Osgood Numerical Results

Linear Solution Data

Nonlinear Solution Data

from StressCheck

Datasc

Morfinzar Matenat &4 _2014_T6 (Famb -Oeod)
Plare Shecs, v = 2 300000001

20000+
':'L1L1I.'ICIE
4L1[|LL‘-:i
20000

1
-

ETRESE

0.0000000 O

0.0043478 46872
0.0086957 59076
0.0130430 60992
0.0173910 62066
0.0217390 62818
0.0260870 63397
0.0304350 63870
0.0347830 64269
0.0391300 64615
0.0434780 64920
0.0478260 65193
0.0521740 65440
0.0565220 65666
0.0608700 65875
0.0652170 66068
0.0695650 66248
0.0739130 66416
0.0782610 66575
0.0826090 66724
0.0869570 66866
0.0913040 67001
0.0956520 67129
0.1000000 67251

Data=

7000200040 053060 0F 0080090 10011

00004

STRAIM

-0.1660 116000.0
-0.1725 93230.0
-0.1789 78340.0
-0.1854 68310.0
-0.1919 61340.0
—-0.1983 56320.0
-0.2048 52600.0
-0.2113 49750.0
-0.2177 47540.0
-0.2242 45780.0
-0.2306 44380.0
-0.2371 43270.0
-0.2436 42390.0
—-0.2500 41700.0
-0.2565 41170.0
-0.2630 40760.0
-0.2694 40430.0
-0.2759 40160.0
-0.2824 39920.0
-0.2888 39690.0
—0.2953 39470.0
—-0.3018 39265.0
-0.3244 38910.0
-0.3470 38450.0
-0.3696 37990.0
-0.3923 37370.0
-0.4149 36260.0
-0.4375 34270.0

Data'=

—0.1660 61660
-0.1725 61150
-0.1789 60580
-0.1854 59930
—0.1919 59180
—0.1983 58300
-0.2048 57250
-0.2113 55940
—0.2177 54230
-0.2242 51950
-0.2306 49330
-0.2371 47070
—0.2436 45430
—0.2500 44310
-0.2565 43550
-0.2630 42990
—0.2694 42510
-0.2759 42010
-0.2824 41480
-0.2888 40920
—0.2953 40370
—0.3018 39935
-0.3141 39790
-0.3264 39540
—0.3388 39270
—0.3511 39000
-0.3635 38740
-0.3758 38440
—0.3881 38040
—0.4005 37480
-0.4128 36660
-0.4252 35510
—0.4375 33920

Julio C. Banks, P.E.
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Fcgx, X,Y) = | "Cubic-spline”
S < cspling X Y
y « interp(§ XY,X)

StressCheck Calculated Ramberg-Osgood Material Stress-strain Data

= Datac
€sC_RO_Datg Yalasc

_ 0 )3
9SC_RO_Datf Patesc s

losd(e) =Fcde.esc RO Datefsc_RO_Dath

StressCheck Linear solution P-elements StressCheckNonlinear solution P-elements

Y = (PS - Datag1> E[h) Y'= (PS - Data<1> E[h)

Sgc= Data@ [psi Sgc= Data<2> (psi

lorEMO) =FedY.Y . Ssc) orem(Y) =Fcdy Y Ssc)

Julio C. Banks, P.E. page 14 of 23
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Appendix B: Functions

Ramberg-Osgood Stress-strain equation:

The defined 0.2% offset strain is: €p 2= 0.2%
Yield Stress: SO 2= Fty = 58ksi
. . S0.2
Yield Strain: €go=€y o+ ? =0.74"%%

0.2% offset Linear-stress:

o (e) = E[@s - eO.Z)

Normalization stress: op = 50_2: 58ksi

_o, o\ Equation [9.8.4.1.2(b)]
erol?) =T * €, o Ref. 1, page 9-200

Reference 1, Section 9.8.4.6.1 (page 9-200) states:

If the proportional limit stress is equated with a plastic strain level of 0.0002 or a 0.02 percent
deviation from linearity, and the Ramberg- Osgood relationship is found to be valid for small
plastic strains, then the proportional limit stress, Sp| = fpl’ can be approximated from Equation

9.8.4.6(a) as follows:

1 Section [9.8.4.6.1]
i Ref. 1, page 9-200

Proportional Limit: Sp| = Sp 210.) " = 53.08%K4

lepL =€R0[SpL) = 0512

MMPDS 70%E Data point

- =1(n-1)
[ 1 (So.zj
(n-1) ksi
n = —7 [Ksi| = 58.327Ksi
150[€ 0.2 j =0.772% S70E 1
7009%E .

| [Grost)

€70E

Define the 0.70xE straight line which when intercepting the Stress-strain curve will produce the S;qp

stress level required by StressCheck as o7g(€) = (0.70B[2

Ultimate Stress: Su = Ftu = 64ksi e, =€, + ?u =7.59%

Relative-Error: %A(a, b) = (b — j
a

Julio C. Banks, P.E. page 15 of 23
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The Ramberg-Osgood Equation [9.8.4.1.2(b)] is an implicit equation which needs to be solved using a
root-finding procedure since € =f(c), and not o = g(¢). However, there is an approximation, oar(€),

given in ESDU 76016, page 76016 as equation 5.1 which can be used as an estimate of the stress,
ORro(€), or even as a seed (starting value) for a more refined root-finding procedures.

TARO(E) =

k — 0.790441n- 0.86977

(n-k=1) -k
o))
n n

Eq(Sp g = 1.011x 101ks

"ESDU 76016, page 76016, equation b.1"

. |EE
%n
-1
oEp - EEE[€1 +pnK+ 1[}\”_1)
n
_ E
Ei(o) = - [9.8.4.2(b)]
1+ E=S
€.20 .

n
g
[E—j Ref. 1, page 9-205

cyRO_roo{ERooa =

€1 < €Root

T C’ARO(€1)
Aotg) < 0.9psi
Ao « 2[AoT
i1

while Ao > Aot
i —i+1

S

Ao ~ 0, =04

"Root-finding Procedure by Julio C. Banks, P.E
"Using Newton's rather than MathCAD's Methg

% < %" (Ei B Ei—l)[Et(Gi—l)

[Su_RO= RO _roofeu) = 70-774Kg

du

Julio C. Banks, P.E.
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RO_Points NR « 2

€1<—OB/0

82 — EPL

o'2‘_SPL

NPgp, « N

p
for iOd3..

€i<—€

p

€
NPg

(v

Data™

(2

Data®™

Data

Ao « 0.8Kksi
F —
NPp - rounc{tu—spl_

Ao

Pg+ NP

(NPeF)

i1t A0

Rl

p—2

NP1 Fu

+1 © ERO(Ftu)

3

(on

ksi

)

Ramberg-Osgood Discrete set of Data Points

€ = RO_Poin'és.1>

ORO = RO_Point<s2> [Ksi

The Ultimate Ramberg-Osgood Strains is €u_RO= €y

Number of points generated, Npq = length(e) = 15

RO

=3.18™%

Create a procedure that generates a set of data points corresponding to the Ramberg-Osgood Equation
(1) call such a set of discrete Data Points. Assume a linear stress up until the Proportional Limit.

Julio C. Banks, P.E.
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Appendix C:
Determine the explicit equations for of the stress level corresponding to the interception

point of the 0.70E line with the Ramberg-Osgood Curve

|o70£(€) = (0.70B13 1)

M
Ramberg-Osgood: |e = 2. € < Equation [9.8.4.1.2(b)]
E “S0.2 Ref. 1, page 9-200

Renamed here as (C2)

Where n>1
eg.2=0.20%
S0.2= Ry
Let the interception point be
€ =%0.70E

S0.70E= 970€(€0.708

Introduce the interception point definition into equations C1 and C2 while simultaneously
equating the strain from C1 with that of the Ramberg-Osgood equation C2

S0.70E _ S0.70E %0.70€)
= + eo.
(0.7008 E So.2

Julio C. Banks, P.E. page 18 of 23
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(0708  E So.2

1 S0.70E _ S0.70E
(0.70_ ljD E _eo-ztﬁ .2

e b

Since n > 1, then divide through by (SO.7OE)[QeO.2)

S0.70E _ S0.70E Z%SOIYOEJH
* €.

N——

(750.2%1& _ (So.7oE)(n_1)

S0.2'

Solve for S 70 $0.70E7

3)

Julio C. Banks, P.E.
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Determine the strain, at which the 0.70xE line, C1, intercepts the Ramberg-Osgood line, C2

(0.70B 270 (0.70BBog|"
7T ¢ T Y

n
(0.70B &g

Divide through by (E7OE)[QeO.2) 030 _ (ﬂ:EanYOE(n—l)

=

n
Sove f _|(0.30\[ S0.2
olvelor €70 (0] =Sl Il e

. 0.30 .
Again, ey 5= 0.2Z%%therefore, — =150, that is
: €
0.2

1
n-1

_ S2 )
€70E= 150[E 0.7(]:Ej (4)

The procedure for obtaining the explicit Sy 7qgfrom a cubic-spline stress-strain data set, or a

stress-strain model such as equation C2 (Ramberg-Osgood) is as follows:

Step 1:  Solve e, for the given the yield strength, S 5= Fty' the modulus of elasticity, E, and
the exponent, n

Step 2. § 70=Fg(e708)

Where the subscript of the function may be either RO, for Ramberg-Osgood, or CS for Cubic-spline
interpolation function

It should be noted that if step 1 is not followed, then a root-finding procedure must be utilized
to numerically find the interception point, € = e4gg

Julio C. Banks, P.E. page 20 of 23




P-Elements Linear Versus Nonlinear
Stress 2014-T6.xmcd

Appendix D:
Stress Concentration Factor (SCF) of a plate in tension with an eccentric hole.

T 5 J
on D g —) i —*gq
VEOT) —) @ —
¥ " w | S
A
e
) r
Figure 1: Eccentric circular hole in finite-width plane Figure 2: Axial tension
. . Fty
Yield-stress Margin of Safety: |MS,, = —— -1
Snom
. . Fiu Fiu
Ultimate-stress Margin of Safety: Msy =— — -1 or Msy =— —1
1.506nom Sult
A
J o(y) dy
Where o = A(\ By = ———— a=L and =2
nom 9 A-B 20¢ c

Peterson's Function (Reference 1): |o:= (3.000 -3.1403.667 — 1_52]T

4 i-1
G =eyr 3 (o) &)
i=2
J1-»2 1 1 @
AN\ ) =
(=3 1—%[61—\/14\2)
|Kt(>\,1l>) =AN\ ) [K'm(kﬂll)| ©))

Equation (3) is implied in Chart 4.3 or reference 3.
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Chart 4.3 from Reference 3

3
S
| &
1 m
# X
* |
EE
Lt | Y
E
©
o - ﬁn; . ?‘5
2
t HE
_ Ll

Kip=3.000 =3 140, + 3.667-3-1.52%:2

..... &
4
¢ i 1 '?"”
a i i
e st .: i %3
" e (S a(C) i F i Y,
0 i : e s e o : .gé
% N
S 7
33
{30
%
%
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P-Elements Linear Versus Nonlinear
Stress 2014-T6.xmcd

ORIGIN=1

Gross SCF Function

FOE

(2.9969—

4.0482+

0.0090 0.01338]
2
P

0.5180

0.1217+ —— -
b

0.7215

0.5565+ ——— +

6.0146

0.5297

1L’2

0.6153

1L’2

3.9815

1122

KigOh 1) = cgth) + cgth) D+ cgth) 3+ cg(w)4a\1

Nominal SCF Function

(b)) =

(2.989—

(—2.872+

(2.348+ —0'196)
L Y )]

0.0064)

0.095)

Kip(31h) = Cplah)+ Gt B+ () SD\Z

Determine the relationship between K(X,4) and K'iy(X, 1)

Tmax= Ktn ) Nom

O'Nom = A(}\,'l,l)) I__G‘)'g

Substitute equation (5) into (4):

Therefore, ®max= K'tn(¥) [QA(NIP) Bfg)

Tmax= K\, h) g

Where |Kt(>\,mp) = A(x,mp)EB(‘m(X,ll))|

4)
®)

(6)

1
WP = 1.504 Y= = =0.665
VP
2.997
) 0.232
C =
9 1.309
6.287
2.985 2.986
cy(¥) =| -2.809 cy (W) =| -2.825
2.478 2.446
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